We consider undirected graphs without loops or multiple edges. Given a vertex a in a graph Γ, let Γ i (a) denote the i neighborhood of a, i.e., the subgraph induced by Γ on the set of all its vertices that are a dis tance of i away from a. Let [a] = Γ 1 (a) and a ⊥ = {a} ∪ [a].
We consider undirected graphs without loops or multiple edges. Given a vertex a in a graph Γ, let Γ i (a) denote the i neighborhood of a, i.e., the subgraph induced by Γ on the set of all its vertices that are a dis tance of i away from a. Let A graph Γ of diameter d is called distance transitive if the group G = Aut(Γ) is transitive on the vertex set of Γ and, for any vertex u ∈ Γ and for any i ∈ {1, 2, …, d}, the group G u is transitive on Γ i (u).
Let Γ be a distance regular graph of diameter d with an automorphism group G. Γ is said to be almost distance transitive if there exists a number i 0 , 1 < i 0 < d, such that, for any i ∈ {1, 2, …, d} -{i 0 }, the stabilizer of any vertex a acts transitively on Γ i (a).
Given a subset X of automorphisms of Γ, let Fix(X) denote the set of all vertices of Γ that are fixed under any automorphism from X.
If H is a subgroup of the automorphism group of Γ, then, on the set of H orbits, the quotient of Γ can be defined by assuming that two orbits are adjacent if one of them has a vertex adjacent in Γ to a vertex of the other orbit.
The antipodal distance transitive graphs of diame ter 3 were described in [1] . More general is the prob lem of describing the antipodal almost distance tran sitive graphs of diameter 3.
According to [2] , an antipodal distance regular graph Γ of diameter 3 has the intersection array {k, μ(r -1), 1; 1, μ, k}, v = r(k + 1) vertices, and the spectrum k
, where n and -m are the roots of the equation
, and g = .
If μ ≠ λ, then the eigenvalues of the graph are inte ger and the parameters of the graph can be expressed in terms of r, n, and m: k = nm, μ = , and λ = μ + n -m. Since the multiplicities of the eigenvalues are integer valued, we have the following divisibility condition: n + m divides (r -1)m(m 2 -1).
If r > 2, the Krein condition
, then the neighborhood of any vertex is a strongly regular graph with eigenvalues a 1 = (n -
If μ = λ, then Γ has the intersection array {rμ + 1, μ(r -1), 1; 1, μ, rμ + 1}, v = r(rμ + 2), and the spec
In what follows, the number μ(r -1) is even.
This paper continues the study of edge symmetric antipodal distance regular graphs of diameter 3 by fol lowing the program proposed in [3] as based on a clas sification of twice transitive permutation groups. More specifically, we classify the antipodal almost distance transitive graphs of diameter 3.
On Almost Distance Transitive Graphs
Wenbin Guo a Let Γ be an edge symmetric distance regular graph with the intersection array {k, (r -1)μ, 1; 1, μ, k}, G = Aut(Γ), Σ be the set of antipodal classes of Γ, and F ∈ Σ. By Proposition 1 in [3] , the group G acts twice transi tively on Σ. , (ii) Γ has the intersection array {80, 54, 1; 1, 27, 80},
(iii) Γ has the intersection array {728, 486, 1; 1, 243, 728}, |K| = r -3, |H : C H (K)| = 2, SL 2 (13) ᭠ H a , and T is an extraspecial group of order 3 7 .
The following result is used to prove the theorem and is of interest in itself.
Proposition 2. Let Γ be an almost distance transitive graph with the intersection array {k, (r -1)μ, 1; 1, μ, k}, G = Aut(Γ), Σ be the set of antipodal classes of Γ, K be the kernel of a group action of G on Σ, F ∈ Σ, and be the socle of the group = C/K. Then one of the following assertions holds:
(2) Γ has the intersection array {15, 10, 1; 1, 2, 15}. The proof of the theorem relies on the results of [3] , which were obtained using Higman's method for han dling automorphisms of a distance regular graph.
The following result is well known. Lemma 1. Let G be a finite group acting transitively on X and Y. If |X| and |Y| are relatively prime numbers, then, for x ∈ X, the group G x acts transitively on Y.
Proof. Let x ∈ X and y ∈ Y. Then, for a group action Throughout the rest of this paper, let Γ be an almost distance transitive graph with the intersection array {{k, (r -1)μ, 1; 1, μ, k}, where r > 2; G = Aut(Γ); Σ be the set of antipodal classes of Γ; K be the kernel of a (1) If Ω is an empty graph and |g| = p is a prime num ber, then either
and χ 1 (g) = or
(ii) p divides r, α 3 (g) = tr, and χ 1 (g) =
(2) If Ω contains t > 0 antipodal classes, then α 3 (g) = 0, 
The almost distance transitivity of Γ implies that t = r -1. By [4, Proposition 2], the claim of the prop
osition holds if t = r -1 and the affine case occurs for an action of G on Σ.
Let t = r -1 and the semisimple case occur for an action of G on Σ. A vertex from [a] is adjacent to α -1 vertices from a N -{a}, and there are precisely k(α -1) edges between [a] and a N -{a}. Therefore, a vertex from a N -{a} is adjacent on average to α -1 vertices from [a] . From this, α -1 = μ and k = (r -1)(μ + 1).
The 
Then S is a twice transitive permutation group on a N and S a ≤ N a . Consequently, N a is transitive on a N -{a}. Since N a pointwise fixes F, N a is transitive on b N -{b}. Therefore, the vertex a is adjacent to μ + 1 = k vertices from b N -{b}, which yields r = 2, a contradiction. Now let (S, k + 1) = (L 2 (8), 28). Computer calcula tions in GAP show that there is no graph with such an intersection array. Proposition 2 is proved.
Throughout the rest of this paper, we assume that the semisimple case occurs for an action of G on Σ. Proof. Let g be a nonidentity element of K. Then α 3 (g) = v and, by Lemma 4, we have χ 1 (g) = -.
Since K is a normal subgroup of a twice transitive per mutation group H F , K is transitive on F and |K| = r. From this, K is an elementary Abelian group of order r.
Let C be the kernel of the conjugation action of G on K. If C = K, then G/K acts transitively on noniden tity elements of K. Moreover, G/K has a twice transitive representation of degree k + 1 > r on Σ, a contradiction to [1, Proposition 2.14]. Therefore, C contains T.
Assume that T ' ≠ T. Then T = K × N and, by Prop osition 2, the group N = T ' acts transitively on the ver tex set of Γ. Let us show that an action of is isomor phic to K F . Since K F is a regular Abelian subgroup of S F , it coincides with the centralizer in S F . However, is transitive on F and commutes with K. Therefore, an or N = U 3 (q), k + 1 = q 3 + 1, and r divides .
In the former case, d ≥ 3, since r > 2 and, for E ∈ Σ -{F}, the subgroup G a ∩ G E is transitive on E; a contra diction to the fact that a is adjacent to a single vertex of E. In the latter case, N is transitive on the vertex set of the graph and twice transitive on Σ, while N a is a sin gle subgroup of index r in N F (if r = 3, then 9 divides q + 1 
(r is a prime number dividing q -1).
In the cases (A 6 , 6, 3) and (A 7 , 15, 3), we obtain the unique array {14, 12, 1; 1, 6, 14} with integer eigenval ues n = 2 and m = -7, but the multiplicity of 2 is equal to , a contradiction. In the case (L 3 (4), 21, 3), the only admissible array is {20, 18, 1; 1, 9, 20} with n = 1 and m = -7, but, by [2, Theorem 1.2.3], we have k ≥ 2λ + 3 -μ, a contradiction. In the case (M 22 , 22, 4), there are no admissible arrays. The case of L m (q) with m ≥ 3 leads to a contradiction as before. In the case (L 2 (q), q + 1, r), we have q = 9, r = 3, and there are no admissible arrays. Finally, in the case (U 3 (q), q 3 + 1, 3), we have T = SU 3 (q), and T F = T a × K is the extension of a subgroup of order q 3 by a cyclic group of order q 2 -1. Therefore, q + 1 is congruent to ±3 modulo 9. Thus, Γ is the distance transitive graph from Example 3.5 in [1] .
Lemma 7. If K = 1, then one of the following asser tions holds:
(1) T = L 2 (q), q = p e , r is an odd prime divisor of q -1, T F is the extension of a group of order q by a group of order (q -1)e, and Γ is a distance transitive graph with the inter section array , 1; 1, .
(2) T = U 3 (q), r is an odd prime divisor of q 2 ⎯ 1, T F is the extension of a group of order q 3 by a group of order , and Γ is a distance transitive graph Assume that r is an odd prime divisor of q -1 (sec ond possibility). If d = 2, then Γ is the distance transi tive graph from Example 3.4 in [1] . If d ≥ 3, then, for E ∈ Σ -{F}, the group H a ∩ G E is transitive on E, which contradicts the fact that a is adjacent to a single vertex in E. Let T = L 7 (2), k + 1 = 127, and r = 63 (eighth pos sibility). Then there are no admissible arrays.
Let T = U 3 (q), k + 1 = q 3 + 1, and r be an odd prime divisor of q 2 -1 (third possibility). If r ≥ 5 or r = 3 and r divides q -1, then Γ is the distance transitive graph from Example 3.4 or 3.5 in [1] (see also [6, Proposition 5.1] ). Suppose that r = 3 and r divides q + 1. Then T is an index 3 subgroup of PGU 3 (q), G a is an index 3 subgroup of G F , and G a ∩ T is an index 3 subgroup of G F ∩ T. It follows that G ∩ PGU 3 (q) = U 3 (q) and q + 1 is divided by 9. Applying the conjugation by an element from PΓU 3 (q), we can assume that G ≤ PΣU 3 (q). Now Γ is the 
